
Systems Studied

Strategies for Preconditioned CG

Formalism

Computational Environment
• Cray XC40 system (cori @ NERSC)

• KNL partition connected with an Aries interconnect
• 64 cores for computation, 4 for specialized tasks (not included in performance measurements)

• Hybrid MPI+OpenMP implementation
• Intel compiler, MKL, ELPA, and LIBXSMM (latest available releases)
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System Label Atoms Basis Nb No Nb/No gap(AU)
Bulk liquid water Water-1024 3,072 TZVP 29,696 4,096 0.14 0.128

Water-2048 6,144 TZVP 59,392 8,192 0.14
Water-4096 12,288 TZVP 118,784 16,384 0.14

Solvated catalyst complex Complex 2,590 TZVP 26,339 3,605 0.14 0.052
MoS2-WSe2 bilayer BiLayer 2,247 TZVP 51,681 9,737 0.19 0.035
Divacancy defect in silicon SiDivac 2,742 TZVP 46,614 5,484 0.12 0.013

SiDivac-SZV 2,742 SZV 10,968 5,484 0.5
SiDivac-DZVP 2,742 DZVP 35,646 5,484 0.15
SiDivac-TZV2P 2,742 TZV2P 79,518 5,484 0.07

Systems used in the numerical experiments, in increasing order of “complexity” for convergence. 
(a) 1024 molecules of bulk liquid water, (b) supramolecular catalyst gold(III)-complex,  (c) bilayer of 

MoS2-WSe2, and (d) divacancy point defect in silicon.

Basic physical and computational parameters of the systems employed in the numerical experiments. 
Nb is the basis set size (the dimension of the Hamiltonian matrix that needs to be diagonalized at each 
SCF step), No is the number of eigenvectors to be computed (number of wavefunctions needed to build 

the electronic density), and gap is the energy difference between eigenvalues No and No+1 in atomic 
units (AU), the unit employed to express H. The number of atoms range from 2,247 to 12,288.

Time to solution for full SCF convergence compared to direct solvers (ScaLAPACK and ELPA). (a) 
Water-1024, (b) Complex, (c) BiLayer and (d) SiDivac. Actual times are given in parenthesis. For 

SiDivac, B* and D* are times obtained with a larger basis (about 1.7 times larger than in B and D, 
with 160 KNL nodes).

Strong scaling. Left: OpenMP threads per MPI task for a fixed number of MPI tasks  (2560), Water-
1024 (method D in the figure above). Right: time to solution for bulk liquid water with 1024, 2048 

and 4096 molecules (method D in the above figure).

Convergence of the energy 
(unconstrained objective function) 
for a single unconstrained 
functional diagonalization 
(unconstrained subspace 
minimization). Five setups; the 
time for a single unconstrained-
PCG iteration is given in 
parenthesis. Left: Complex. Right: 
SiDivac. 

Convergence of the SCF procedure. 
Four setups; the average time for a 
single SCF step is given in 
parenthesis. Left: Complex. Right: 
SiDivac. 

𝐻𝐻𝜓𝜓𝑖𝑖 𝑟𝑟 = 𝜀𝜀𝑖𝑖𝜓𝜓𝑖𝑖 𝑟𝑟 → 𝐻𝐻𝐻𝐻 = 𝑆𝑆𝐻𝐻𝑆𝑆 (for non-orthonormal basis)

Direct Methods
 ScaLAPACK, EigenExa, ELPA

Iterative Methods
 Davidson, Lanczos, LOBPCG 
 attractive when a small fraction (2-10%) 

of (smallest) eigenpairs is required
 limited/poor parallel performance for 

conventional diagonalization and/or 
reorthogonalization, 𝑂𝑂 𝑁𝑁3

CG-based constrained eigensolver

 min𝑇𝑇𝑟𝑟 𝐻𝐻𝑇𝑇𝐻𝐻𝐻𝐻
 𝐻𝐻𝑇𝑇𝐻𝐻 = 𝐼𝐼

CG-based unconstrained eigensolver2-5

 min𝑇𝑇𝑟𝑟 𝒮𝒮−1𝑋𝑋𝑇𝑇𝐻𝐻𝑋𝑋
 𝐻𝐻 = 𝑋𝑋𝒮𝒮−

1
2, 𝒮𝒮 = 𝑋𝑋𝑇𝑇𝑋𝑋

 𝒮𝒮−1 ≈ 2𝐼𝐼 − 𝒮𝒮
 𝐺𝐺 = 4𝐻𝐻𝑋𝑋 − 2𝑆𝑆𝑋𝑋ℋ − 2𝐻𝐻𝑋𝑋𝒮𝒮
 ℋ = 𝑋𝑋𝑇𝑇𝐻𝐻𝑋𝑋

 Path 1: Hessian 𝐴𝐴 of the unconstrained 
functional as preconditioner for the 
gradient, 𝐴𝐴−1𝐺𝐺 (quasi-Newton step) 
 solve 𝐴𝐴𝐴𝐴 = 𝐺𝐺 iteratively
 𝑆𝑆−1or �̃�𝐴−1 as preconditioner for the 

inner solver (with K iterations)
 �̃�𝐴 ≈ 𝐴𝐴

 Path 2: 𝑆𝑆−1or �̃�𝐴−1 as preconditioner for the 
unconstrained functional minimization

Overview
 The implementation and performance of a preconditioned conjugate gradient 

based iterative eigensolver using an unconstrained energy functional 
minimization scheme avoiding explicit reorthogonalization is studied. 

 This approach shows improved parallel efficiency over standard  methods.
 We have developed a set of preconditioner techniques that fix the known flaw 

of slow convergence of the unconstrained minimization. 
 Large scale electronic structure calculations, with thousands of atoms, can 

then be performed with excellent time to solution, running at scale on 
hundreds of thousands of cores at HPC facilities. 

 The unconstrained formulation was implemented in the first-principles 
materials and chemistry CP2K code, which performs electronic structure 
calculations through a density functional theory approximation to the solution 
of the many-body Schrödinger equation1.
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𝛻𝛻2 is the kinetic energy operator

𝑉𝑉 is the potential operator
Self-consistent field (SCF) method: the problem is 
linearized in an inner loop by fixing the charge density 
ρ, which is then updated at each step in the loop until 
convergence of the charge density and potential field.

More details about the techniques and results shown in this poster can be found in Ref. 6.

Parallel matrix multiplications in the 
unconstrained minimization: scaling of 

the computations (floating point 
operations) and communication 

volume (real or complex numbers) per 
processor p, dense linear algebra and 
Cannon's algorithm, where Nb is the 
basis set size and No is the number of 

required eigenpairs. Compared to 
constrained methods there are no 

operations on the small Nb x Nb matrix.
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